It is well known that a triangulation of a closed 2-manifold is tight with respect to a field of characteristic two if and only if it is neighbourly; and it is tight with respect to a field of odd characteristic if and only if it is neighbourly and orientable. No such characterization of tightness was previously known for higher dimensional manifolds. In this paper, we prove that a triangulation of a closed 3-manifold is tight with respect to a field of odd characteristic if and only if it is neighbourly, orientable and stacked. In consequence, the Kühnel-Lutz conjecture is valid in dimension three for fields of odd characteristic.
Introduction
All simplicial complexes considered in this paper are finite and abstract. All homologies are simplicial homologies with coefficients in a field F. The vertex set of a simplicial complex X will be denoted by V (X). For A ⊆ V (X), the induced subcomplex X[A] of X on the vertex set A is defined by X[A] := {α ∈ X : α ⊆ A}. A simplicial complex X is said to be a triangulated manifold if it triangulates a manifold, i.e., if the geometric carrier |X| of X is a topological manifold. A triangulated closed d-manifold X is said to be F-orientable if H d (X; F) = 0. So, for a field F of characteristic two, any triangulated closed manifold is F-orientable.
Taking his cue from pre-existing notions of tightness in the theory of smooth and polyhedral embedding of manifolds in Euclidean spaces, Kühnel [12] introduced the following precise notion of tightness of a simplicial complex with respect to a field. Definition 1.1. Let X be a simplicial complex and F be a field. We say that X is tight with respect to F (in short, F-tight) if (a) X is connected, and (b) for every induced subcomplex Y of X, the F-linear map H * (Y ; F) → H * (X; F) (induced by the inclusion map Y → X) is injective.
Recall that, if X is a simplicial complex of dimension d, then its face numbers f i (X) are defined by f i (X) := #{α ∈ X : dim(α) = i}, 0 ≤ i ≤ d. For k ≥ 2, a simplicial complex X is said to be k-neighbourly if any set of k vertices of X form a face, i.e., if f k−1 (X) = f 0 (X) k . A 2-neighbourly simplicial complex is called neighbourly.
Definition 1.2.
A simplicial complex X is said to be strongly minimal if, for every triangulation Y of the geometric carrier |X| of X, we have f i (X) ≤ f i (Y ) for all i, 0 ≤ i ≤ dim(X).
Thus, a strongly minimal triangulation of a topological space, if it exists, is the most economical among all possible triangulations of the space. Unfortunately, there are very few criteria available in the literature which ensure strong minimality. The notion of tightness is of great importance in combinatorial topology because of the following tantalizing conjecture [13] .
Conjecture 1.3 (Kühnel-Lutz). Every F-tight triangulated closed manifold is strongly minimal.
Intuitively, F-tightness of a triangulated manifold X means that all parts of X are essential in order to capture the F-homology of the topological space |X|. In view of this intuition, Conjecture 1.3 appears to be entirely plausible. However, Example 6.3 below shows that this intuition is not correct for arbitrary simplicial complexes. Thus, all orientable, neighbourly, stacked triangulated closed 3-manifolds are F-tight (for any field F). Even more, we know from [6] Proposition 1.7 (Bagchi-Datta) . Every F-tight, locally stacked, triangulated closed manifold is strongly minimal.
The first main result of this paper (in Section 4) is a converse of Proposition 1.6: if a triangulated closed 3-manifold is tight with respect to a field of characteristic = 2, then it must be (orientable, neighbourly and) stacked. This result answers Question 4.5 of [8] affirmatively, in the case of odd characteristic. As a consequence of Proposition 1.7 it follows that the Kühnel-Lutz conjecture is true in a special case, namely, if char(F) = 2 then any F-tight triangulated closed 3-manifold is strongly minimal.
Let X 1 and X 2 be two triangulated d-manifolds intersecting in a common facet (d-face) α. That is, X 1 ∩ X 2 =ᾱ, whereᾱ denotes α together with all of its subfaces. Then X 1 #X 2 = (X 1 ∪ X 2 ) \ {α} is said to be the connected sum of X 1 and X 2 along α (for more general definition, see the end of Section 2). Let I = I 2 12 be the boundary complex of the icosahedron. Thus, I is a triangulated 2-sphere on 12 vertices. It is well known that I is the unique triangulation of S 2 in which each vertex is of degree 5. We introduce: Definition 1.8. A triangulated 2-sphere is said to be icosian if it is a connected sum of finitely many copies of I. A triangulated 3-manifold is said to be locally icosian if all its vertex links are icosian.
In [17] , the third author proved the following interesting upper bound theorem for tight triangulations of odd dimensional manifolds. Proposition 1.9 (Spreer). Let M be an ( − 1)-connected triangulated closed (2 + 1)-manifold and F be a field. If M is F-tight, then
In Section 5, we consider fields of characteristic 2. According to Proposition 1.6, every neighbourly and stacked closed 3-manifold M is Z 2 -tight. We do not know whether the converse is true or not. But in this paper we prove that if M is a Z 2 -tight triangulated closed 3-manifold with f 0 (M ) ≤ 71 or β 1 (M ; Z 2 ) ≤ 188, then M must be stacked and neighbourly (and therefore
We also show that, in general, each vertex link of a Z 2 -tight closed 3-manifold must be a connected sum of I's and S 2 4 's. Further, we prove that any Z 2 -tight triangulated closed 3-manifold M satisfies the following upper bound on f 0 (M ):
Equality holds here if and only if M is locally icosian. In conjunction with the fact that
, this inequality improves upon the upper bound of Proposition 1.9 in case l = 1. We also prove that, if there is a non-stacked F-tight triangulated 3-manifold M , then its integral homology group H 1 (M ; Z) must have an element of order 2. The results of Section 5 were largely suggested by extensive machine computations using simpcomp [10] . Altogether, these results impose severe restrictions on the topology of 3-manifolds admitting tight triangulations (cf. Corollary 5.14).
In Section 6, we present some examples to show that the converses/generalizations of several results proved here are not true.
Preliminaries on stacked and tight triangulations
In this section, we gather together a few easy (and mostly known) consequences of tightness. For completeness, we include their proofs. We shall use : Notation 2.1. If x is a vertex of a simplicial complex X, then X x and X x will denote the antistar and the link (respectively) of x in X. Thus,
We denote a face {u 1 , . . . , u m } in a simplicial complex by u 1 u 2 · · · u m . If X is a simplicial complex and a ∈ X is an element then the cone with apex a and base X is the simplicial complex X ∪ {α ∪ {a} : α ∈ X} and is denoted by a * X. For a simplicial complex X of dimension d, and for 0
Lemma 2.2. Every F-tight simplicial complex is neighbourly. Proof. Suppose, if possible, x = y are two vertices of an F-tight simplicial complex X such that xy is not an edge of X. Let Y be the induced subcomplex of X on the set {x, y}. Then
can not be injective. This is a contradiction since X is F-tight. Lemma 2.3. Every induced subcomplex of an F-tight simplicial complex is F-tight.
Proof. Let Y be an induced subcomplex of an F-tight simplicial complex X. By Lemma 2.2, X and hence also Y are neighbourly. So, Y is connected. Let Z be an induced subcomplex of Y . Then Z is an induced subcomplex of X also. Since the composition of the linear maps H * (Z; F) → H * (Y ; F) → H * (X; F) is injective, the first of them must be injective.
Proof. Since k ≥ 1 and X is neighbourly by Lemma 2.2, it follows that skel k (X) is neighbourly and hence connected. Let Y be an induced subcomplex of skel k (X). Then Y = skel k (Z), where Z is an induced subcomplex of X. Since X is F-tight, it follows that, for 0
Lemma 2.5. Every F-tight triangulation of a closed manifold is F-orientable.
Proof. If char(F) = 2 then there is nothing to prove. So, assume that char(F) = 2. Let X be an F-tight triangulated closed d-manifold. We can assume that d ≥ 2. Since X is a connected triangulated closed d-manifold, it is easy to see ab initio that, for any proper subcomplex Y of X, H d (Y ; F) = 0. Now, fix a vertex x of X, and consider the induced subcomplex X x of X on the complement of x. Then X = X x ∪ (x * X x ) and
is injective, it follows from the exactness of the Mayer-Vietoris sequence
Let X be a simplicial complex of dimension d. In [6] we have defined the sigma vector (σ 0 , σ 1 , . . . , σ d ) of X with respect to a field F as
and σ i (X; F) = 0 for i > dim(X). In this paper, we introduce the following normalization of the sigma vector which will be referred to as the sigma-star vector.
(See Theorem 5.7 below for a justification of this normalization.) In [1] the first author introduced the mu-vector (µ 0 , . . . , µ d ) w.r.t. F of a d-dimensional simplicial complex X as follows.
(Here δ i1 is Kronecker's symbol. Thus, δ i1 = 1 if i = 1, and = 0 otherwise.) Notice that µ 1 (X; F) is independent of the field F. Therefore, we will write µ 1 (X) for µ 1 (X; F). We have :
Lemma 2.6. Let M be an F-orientable, neighbourly triangulated closed 3-manifold. Then Recall that, a triangulated closed d-manifold X is called orientable if H d (X; Z) = 0. It follows from the universal coefficient theorem that, for a field F of odd characteristic, a triangulated closed manifold is F-orientable if and only if it is orientable. Corollary 2.7. Let p be a prime and let M be an orientable triangulated closed 3-manifold. If M is Z p -tight but not Q-tight, then p divides the order of the torsion subgroup of H 1 (M ; Z).
Proof. The hypothesis and Lemma 2.6 imply that β 1 (M ; Q) < µ 1 (M ) = β 1 (M ; Z p ). Hence the result follows from the universal coefficient theorem.
The following lemma is immediate from the definition of tightness. . Let X be a triangulated closed manifold and let σ and τ be facets of X. For a bijection ψ : σ → τ , let X ψ be the simplicial complex obtained from X \ {σ, τ } by identifying v and
If σ and τ belong to different connected components, say σ ∈ X 1 , τ ∈ X 2 and X = X 1 X 2 , then X ψ is said to be the connected sum of X 1 and X 2 and is denoted by X 1 # ψ X 2 . If σ and τ belong to the same connected component of X, then X ψ is said to be obtained from X by a combinatorial handle addition. We know from [8] Proposition 2.10 (Datta-Murai). Let ∆ be a connected triangulated closed manifold of dimension d ≥ 2. Then ∆ is stacked if and only if ∆ can be obtained from a stacked d-sphere by a sequence of successive combinatorial handle additions.
Induced surfaces in tight triangulations
Let X x and X x be as in Notation 2.1. If x = y are two vertices of a simplicial complex X, then we shall also use notations such as X x y for (X x ) y = (X y ) x . We say that two vertices in a simplicial complex X are adjacent (or, that they are neighbours) if they form an edge of X. We now introduce : Notation 3.1. If x = y are vertices of a simplicial complex X, then c X (x, y) will denote the number of distinct connected components K of X x y such that x is adjacent in X y with some vertex in K.
Proof. Clearly, X = X x ∪ (x * X x ) and X x ∩ (x * X x ) = X x . Therefore, the Mayer-Vietoris theorem yields the exact sequence (noting that the cone x * X x is homologically trivial)
Since X x is an induced subcomplex of the F-tight complex X, the map H 1 (X x ; F) → H 1 (X; F) is injective. Lemma 2.2 implies that X x is connected and hence H 0 (X x ; F) = 0. So, we get the short exact sequence
Hence the result.
Lemmas 2.2 and 2.3 certainly indicate that tightness is a severe structural constraint on a simplicial complex. So it is surprising that, beyond these two lemmas, no further structural (combinatorial) consequence of tightness seems to have been known. The following lemma establishes a strong structural restriction on the 2-skeleton of an F-tight simplicial complex. Lemma 3.3. Let X be an F-tight simplicial complex for some field F. Then, for any two distinct vertices x, y of X, we have c X (x, y) = c X (y, x).
Proof. By Lemma 3.2, β 1 (X) =β 0 (X x ) + β 1 (X x ). Since X x is also tight by Lemma 2.3, applying Lemma 3.2 to the vertex y of X x , we get β 1 (X x ) =β 0 (X x y ) + β 1 (X xy ). Therefore,
Interchanging the vertices x and y in this argument yields
But the two sides of this equation are just one less than c X (x, y) and c X (y, x). Hence the result.
Notice that the graphs of graph theory are just the simplicial complexes of dimension ≤ 1. In this paper, we do not use any non-trivial results from graph theory, but the language and the geometric intuition of graph theory will be useful. Recall that the degree of a vertex v (denoted by deg(v)) in a simplicial complex is the number of edges (1-faces) through v. A graph is said to be regular, if all its vertices have the same degree. For n ≥ 3, the cycle of length n (in short, n-cycle) is the unique connected regular graph of degree two on n vertices. It is the unique n-vertex triangulation of the circle S 1 . An n-cycle with edges a 1 a 2 , . . . , a n−1 a n , a n a 1 will be denoted by a 1 -a 2 -· · · -a n -a 1 . For n ≥ 1, the path of length n (the n-path) is the antistar of a vertex in the (n + 2)-cycle. By an induced cycle (resp., path) in a simplicial complex X, we mean an induced subcomplex of X which is a cycle (resp., path). Notice that, in particular, a 3-cycle is induced in X if and only if it does not bound a triangle (2-face) in X. When n ≥ 4, an n-cycle is induced in X if and only if it is induced in the graph skel 1 (X). A connected acyclic graph is called a tree.
Lemma 3.4. Let the link of some vertex x in a 2-dimensional F-tight simplicial complex X be a cycle. Then X is a triangulation of a closed 2-manifold.
Proof. Let C = X x be a cycle. Fix a vertex y = x of X. It suffices to show that the link X y is also a cycle. Note that, since X is neighbourly (Lemma 2.2), y is a vertex of C. Let z and w be the two neighbours of y in C. It follows that z and w are the only two neighbours of the vertex x in the graph X y . Therefore, it suffices to show that X x y is a path joining z and w.
Since X x = C is a cycle and X y x = C y is a path, they are both connected. So, c X (y, x) = 1. Therefore, by Lemma 3.3, c X (x, y) = 1. That is, the vertices z and w (being the two neighbours of x in X y ) belong to the same component of X x y . Thus, there is a path in X x y joining z to w. Let P be a shortest path in the graph X x y joining z to w. Then, P is an induced path in X x y . Take any vertex v = x, y, z, w in X. (If there is no such vertex then X x y is the edge zw, and we are done.) We will show that v ∈ P . Look at the induced subcomplex Y = X v of X. Then Y x = X v x = C v is a path in which y is an interior vertex. So, Y y x = C vy is the disjoint union of two paths. The vertex z belongs to one of these two paths and w belongs to the other. Therefore, c Y (y, x) = 2. By Lemma 2.3, Y is also F-tight. So, by Lemma 3.3, c Y (x, y) = 2. That is, the neighbours z and w of x in Y y belong to different components of Y x y . Therefore, v belongs to the path P (or else P would be a path in Y x y joining z and w). Since v = z, w was an arbitrary vertex of Y x y , this shows that the path P is a spanning path in Y x y (i.e., it passes through all the vertices). Since P is also an induced path in Y x y , it follows that Y x y = P is a path joining z and w. Now, the following result is an easy consequence of Lemma 3.4. Notice that, in this result, there is no restriction on the dimension of M , and M need not be a triangulated manifold.
Theorem 3.5. Let the simplicial complex M be tight with respect to some field. Let C be an induced cycle in the link of a vertex x in M . Then the induced subcomplex of M on the vertex set of the cone x * C is a triangulated closed 2-manifold.
∪ {x}] and let X = skel 2 (Y ). Then, by Lemmas 2.3 and 2.4, X is F-tight. Clearly, X is two dimensional and X x = C is a cycle. Thus, by Lemma 3.4, X is a triangulated closed 2-manifold. To complete the proof, it suffices to show that Y = X, i.e., that dim(Y ) = 2. Suppose, if possible, dim(Y ) > 2. Take a 3-face α ∈ Y . Then the induced subcomplex of X = skel 2 (Y ) on the vertex set α is a 4-vertex triangulated 2-sphere. Since X is a connected and triangulated closed 2-manifold, it follows that X = S 2 4 , and V (X) = α. Thus C is the 3-cycle on the vertex set α \ {x}. But, the 2-face α \ {x} is in Y x ⊆ M x . This contradicts the assumption that C is an induced cycle in the link M x . Corollary 3.6. Let S be the link of some vertex in an F-tight simplicial complex M . Proof. Let x ∈ V (M ) and let C be an induced n-cycle in S = M x . By Theorem 3.5, the induced subcomplex X = M [V (C)∪{x}] is an (n+1)-vertex triangulated closed 2-manifold. By Lemma 2.2, X is neighbourly. So, it has n + 1 vertices, n(n + 1)/2 edges and hence n(n + 1)/3 triangles. So, 3 divides n(n + 1), i.e., n ≡ 1 (mod 3). This proves part (a).
If char(F) = 2 then, by Lemmas 2.3 and 2.5, X is an orientable triangulated 2-manifold. So, its Euler characteristic χ(X) = (n + 1)(6 − n)/6 is an even number. Thus, n ≡ 0, 1, 4, 5, 7, 8, 9 or 10 (mod 12). This proves part (b).
Odd characteristic
In this section, we prove that any triangulated 3-manifold is tight with respect to a field of odd characteristic if and only if it is neighbourly, orientable and stacked. For this, we first need some additional preliminary results on 2-sphere triangulations. Proof. Let x be a vertex of minimum degree in S. It is well known (and easy to prove) that the minimum degree of any triangulation of S 2 is at most five. So, deg(x) = 3, 4 or 5.
If deg(x) = 4 or 5, then S x is a 4-cycle or a 5-cycle in S, and hence it is not induced. So there are vertices y, z in S x such that yz is an edge in S but not in S x . So x-y-z-x is an induced 3-cycle in S, a contradiction. Thus, deg(x) = 3. Say S x is the 3-cycle x 1 -x 2 -x 3 -x 1 . Since this 3-cycle is not an induced cycle in S, it follows that x 1 x 2 x 3 ∈ S.
Then (x * S x ) ∪ {x 1 x 2 x 3 } = S 2 4 . Since a triangulation of S 2 can not be a proper subcomplex of another triangulation of S 2 , it follows that S = S 2 4 .
We now introduce : Definition 4.2. A triangulated d-sphere S is said to be primitive if it can not be written as a connected sum of two triangulated d-spheres.
Clearly (a) Any two members of B(S) have at most one common facet; if they have a common facet α then α ∈ A(S).
(b) Each member of A(S) belongs to exactly two members of B(S).
(c) There is a natural bijection from A(S) onto the set of edges of T (S). It is given by α → {S 1 , S 2 }, where, for α ∈ A(S), S 1 and S 2 are the two members of B(S) containing α.
(d) The graph T (S) is a tree. In consequence, #B(S) = 1 + #A(S).
Proof. Induction on m := 1 + #A(S). If m = 1, A(S) is empty, so that S is primitive by Lemma 4.3. So, let m > 1, and suppose that the result holds for all smaller values of m. In this case, A(S) is non-empty. Take α ∈ A(S). By the proof of Lemma 4.3, there are triangulated d-spheres S , S such that S ∩ S = α, S = (S ∪ S ) \ {α}.
Thus, S , S ⊆ S ∪ {α} ⊆ S. Hence it is easy to see that A(S) = A(S ) A(S ) {α}, B(S) = B(S ) B(S ) and the graph T (S) is obtained from the disjoint union of the graphs T (S ) and T (S ) by adjoining a single edge from a vertex of T (S ) to a vertex of T (S ).
Since, by induction hypothesis, the result is valid for S and S , its validity for S follows. This completes the induction.
Definition 4.6. Let S be a triangulated d-sphere. Any tree has a leaf (a vertex of degree one) and the deletion of a leaf from a non-trivial tree leaves a subtree. Therefore, the members of B(S) may be ordered as S 1 , . . . , S m in such a way that, for each i, 1 ≤ i ≤ m, S i is a leaf of the induced subtree of T (S) on {S 1 , . . . , S i } (when m ≥ 2, this ordering is not unique). For any such ordering, we write S = S 1 #S 2 # · · · #S m , and say that S is the connected sum of the S i 's. Clearly, we have
As a special case of [11, Theorem 8.5 ], Kalai proved a nice characterization of stacked 2-spheres. A triangulated 2-sphere S is stacked if and only if S has no induced cycle of length ≥ 4. The following result is a dramatic improvement on this characterization. Proof. Write S = S 1 #S 2 # · · · #S k , where the S i 's are primitive 2-spheres.
If S is stacked then, by Lemma 2.9, each S i is a copy of S 2 4 . Let C be an induced cycle of length ≥ 4 in S. Since an induced cycle of length ≥ 4 in a connected sum of two triangulated manifolds must be an induced cycle in one of the summands, it follows inductively that C is an induced cycle in one of the S i 's. Since S 2 4 has no induced cycle at all, it follows that S has no induced cycle of length ≥ 4. This proves the "only if" part.
For the converse, assume that S has no induced cycle of length 4 or 5. It follows that no S i has any induced cycle of length 4 or 5. Being primitive, S i has no induced cycle of length 3 either (Lemma 4.3). Thus, by Lemma 4.1, each S i is a copy of S 2 4 . Therefore, by Lemma 2.9, S is stacked. This proves the "if" part. Now, we are ready to prove one of the main results of this paper. Proof. This result follows from Theorem 4.8 and Proposition 1.7.
Characteristic two
By Lemma 2.8, a simplicial complex is tight with respect to a field of characteristic two if and only if it is Z 2 -tight. So, without loss of generality, we take F = Z 2 in this section. However, all the results apply equally well to arbitrary fields of characteristic two. Here, we characterize the links of Z 2 -tight triangulated 3-manifolds. This characterization is important since it leads to (a) severe restrictions on the size and topology of such a triangulation (see Theorem 5.1 and the tables at the end of this section) and (b) a polynomial time algorithm to decide tightness of 3-manifolds which is described in detail in [2] . Proof. Let x ∈ V (S). Since S = S 2 4 is primitive, Lemma 4.3 implies that S x can not be a 3-cycle. Let the vertices y, z of the cycle S x be neighbours in S. Since S is primitive, the 3-cycle x-y-z-x can not be induced in S. So, the triangle xyz is in S. Therefore, y and z are neighbours in S x . This implies that S x is induced in S. This proves part (a).
Let x, y be adjacent vertices of S, and let z be a common neighbour of x and y. Then, as the 3-cycle x-y-z-x is not induced in S, the triangle xyz is in S. So, z is the third vertex of one of the two triangles of S through xy. Thus, x and y have exactly two common neighbours. This proves part (b).
Lemma 5.3. Let S be a primitive triangulation of S 2 such that S has no induced cycle of length ≡ 1 (mod 3). Then, either S = S 2 4 or all the vertices of S have degree 2 (mod 3).
Proof. By assumption and Lemma 5.2 (a), V (S) = V 0 V 2 , where V i consists of the vertices of degree i (mod 3), i = 0, 2. If possible, let x ∈ V 0 and y ∈ V 2 be such that xy is an edge of S. By Lemma 5.2, the cycles S x and S y are induced in S (of length 0 (mod 3) and 2 (mod 3), respectively) with exactly two common vertices, say u and v. Then u and v are the two neighbours of x in S y and of y in S x .
Indeed, if a ∈ S x is a neighbour of b ∈ S y , then S has the 4-cycle x-a-b-y-x. Since S has no induced 3-cycle or 4-cycle, it follows that one of the triangles xya and xab is in S. Hence either a or b is in S x ∩ S y . This proves the claim.
Therefore, if C is the cycle obtained from S x ∪ S y by deleting the two vertices x, y and the four edges xu, xv, yu, yv, then C is an induced cycle in S of length ≡ 0 + 2 − 4 ≡ 1 (mod 3). This is a contradiction. Therefore, no vertex in V 0 is adjacent to any vertex in V 2 . Since S is connected and V (S) = V 0 V 2 , it follows that V 0 = ∅ or V 2 = ∅. If V 2 = ∅ then the degree of each vertex is 0 (mod 3) and hence S has a vertex z of degree 3. Since S is primitive, S z bounds a triangle. Then, S contains an S 2 4 and hence S = S 2 4 . Otherwise,
Theorem 5.4. Up to isomorphism, S 2 4 and I 2 12 are the only two primitive triangulations of S 2 with no induced cycle of length ≡ 1 (mod 3).
Proof. Clearly, S 2 4 has no induced cycle whatsoever. It is easy to see that all the induced cycles of I 2 12 are 5-cycles. (Indeed, these are precisely the twelve vertex links.) Thus, these two triangulations of S 2 are primitive with no induced cycle of length 1 (mod 3).
Conversely, let S be a primitive triangulation of S 2 with no induced cycle of length 1 (mod 3). Assume S = S 2 4 . By Lemma 5.3, the minimum degree of the vertices of S is five. If all its vertices have degree 5, then S = I 2 12 . So, suppose there is a vertex u with deg(u) Figure 1 is a "picture" of D. The boundary of D is the union of six paths in S (drawn as circular arcs; edges of S are drawn as straight line segments). Since S has no induced cycle of length ≤ 4, it is easy to see that these six paths intersect pairwise at most at common end points, and the six end points marked in Fig. 1 are distinct vertices of S. Thus, the boundary of D is a cycle and hence D is a disc. Proof. This is now immediate from Corollary 3.6 (a) and Corollary 5.5.
The following result provides a recursive procedure for the computation of the sigma-star vector.
Theorem 5.7. Let X 1 and X 2 be induced subcomplexes of a simplicial complex X and F be a field. Suppose X = X 1 ∪ X 2 and
Proof. Let us write
Note that any subset A of V (X) can be uniquely written as A = A 1 B A 2 , where
Since Y is k-neighbourly, it follows from the exactness of the Mayer-Vietoris sequence that
Therefore, we can compute
In the penultimate step of the above computation, we have used the following well known identity to compute the inner sums. For any three non-negative integers p, q, r, we have
As a particular case of Theorem 5.7, we have a formula for the sigma-star vector of a connected sum. (Since σ * 0 (X; F) is independent of the field F, we denote it by σ * 0 (X).) Corollary 5.8. For any two triangulated d-spheres S 1 , S 2 and any field F, we have
d+1 satisfy the hypothesis of Theorem 5.7 (with k = d), and trivially Corollary 5.14. Let M be a closed topological 3-manifold admitting a tight triangulation. If β 1 (M, Z 2 ) < 189, then M is homeomorphic to one of the following manifolds Proof. Let X be an n-vertex tight triangulation of M . Then, by Corollary 5.13, Theorem 5.11 (a) and Proposition 2.10, M is homeomorphic to S 3 , (S 2 × S 1 ) #k or (S 2 × − S 1 ) #k , where (n − 4)(n − 5) = 20k. The result follows from this.
The following table gives a list of small values for the parameters (n, β 1 ) of a locally icosian Z 2 -tight triangulation of a closed 3-manifold. Indeed, the number n of vertices in any such triangulation must be congruent modulo 15444 to one of the eight values of n listed in this The following tables list the small values for parameters (n, β 1 ) satisfying the conclusion of Theorem 5.11. Table 2 for (n, β 1 ) with strict inequality in part (b) of the theorem. Table  3 for (n, β 1 ) with equality in part (c) of the theorem. 
Examples
In this section, we present some examples which help to put the results of this paper in proper perspective. The first example shows that a strongly minimal and stacked triangulated closed 3-manifold need not be tight. So, the converse of Proposition 1.7 is not true.
The following example shows that an arbitrary F-tight simplicial complex need not be strongly minimal (we do not know if it must be minimal in the sense of having the fewest number of vertices among all triangulations of its geometric carrier).
Example 6.3. Consider the neighbourly 2-dimensional simplicial complex X on the vertex set {1, 2, 3, 4} whose maximal faces are 123, 234 and 14. It is easy to see that X is F-tight for any field F. Observe that |X| is also triangulated by the simplicial complex Z (on the same vertex set) whose maximal faces are 123, 14, 24. Thus, X is not strongly minimal. Therefore, Conjecture 1.3 is not true for arbitrary simplicial complexes.
Recall that a d-dimensional simplicial complex is a pseudomanifold if (i) each maximal face is d-dimensional, (ii) each (d − 1)-face is in at most two d-faces, and (iii) for any two d-simplices α and β, there exists a sequence α = α 1 , . . . , α m = β of d-simplices such that α i ∩ α i+1 is a (d − 1)-face for 1 ≤ i ≤ m − 1. We now extend the definitions of stackedness and locally stackedness to pseudomanifolds as follows. Definition 6.4. A pseudomanifold Q of dimension d + 1 is said to be stacked if all its faces of codimension (at least) two are in the boundary ∂Q. A pseudomanifold P without boundary of dimension d is said to be stacked if there is a stacked pseudomanifold Q of dimension d + 1 such that P = ∂Q. A pseudomanifold is said to be locally stacked if all its vertex links are stacked pseudomanifolds (with or without boundaries).
